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Abstract. We build the abstract theory of Gromov-Witten invariants of genus 
for quantum minimal Fano varieties (a minimal natural (with respect to Gromov- 
Witten theory) class of varieties) . In particular, we consider "the minimal Gromov- 
Witten ring", i. e. a commutative algebra with generators and relations of the 
form used in the Gromov-Witten theory of Fano variety (of unspecified dimension) . 
Gromov-Witten theory of any quantum minimal variety is a homomorphism of this 
ring to C. We prove the Abstract Reconstruction Theorem which states the particular 
isomorphism of this ring with a free commutative ring generated by "prime two- 
pointed invariants". We also find the solutions of the differential equations of type 
DN for a Fano variety of dimension N in terms of generating series of one-pointed 
Gromov-Witten invariants. 



Consider a smooth Fano variety V of dimension N. Let H^(V,Q) C H*(V,Q) be a subspace multi- 
plicatively generated by the anticanonical class H e H 2 (V,Q). It is tautologically closed with respect 
to the multiplication in cohomology. The Gromov-Witten theory (more precisely, the set of Gromov- 
Witten invariants of genus 0) enables one to "deform" the cohomology ring, that is, to define quantum 
multiplication in the graded space QH*(V) — H*(V,Q) ® C[q]. This multiplication coincides with the 
multiplication in H*(V,Q) under specification q = 0. The subspace QH* H (V) = H* H (V) ® C[q] is not 
closed with respect to the quantum multiplication in general. The variety is called quantum minimal is 
the corresponding subspace is closed. 

Let V be quantum minimal. Then there is a natural submodule corresponding to QH^(V) in its 
quantum 2?-module. The connection in it is given by a matrix of quantum multiplication by the anti- 
canonical class of V (in the other words, by prime two-pointed genus zero Gromov-Witten invariants). 
After regularizing it one get the determinantal operator (the operator of type DN) for V. Such operators 
are deeply studied in [GS05J . One of the mirror symmetry conjectures states that this operator coincides 
with the Picard-Fuchs operator for dual to V Landau-Ginzburg model (see, for instance K M94] ). This 
is proved, for example, for threefolds, see |Pr04j and [Pr05j . 

In the paper we prove the following theorem. Let {TiH 3 )d be the one-pointed Gromov-Witten invariant 
for the curve of the anticanonical degree d. Consider a regularized /-series (the generating series for one- 
pointed Gromov-Witten invariants) 

F = l+ ]T (T d+j+2 H N -j) d q d W/H N -(h+1) ■...■(h + d)eC[[q]][h]/h N . 
a<j<N,d>a 

Theorem (Corollary 12.2.6]) . Let I v = J2o<k<N I k h k , where P for any i is the series on q. Then 
N functions 

7°, I°log(q)+l\ I°\og(q) 2 /2\ + I 1 log(q)+I 2 , ... 
form the basis of the kernel of the operator of type DN for V . 

The idea of the expression of the solutions of equations of type DN in terms of Gromov-Witten 
invariants is going back to Witten, Dijkgraaf, and Dubrovin. The proof of this theorem is based on the 
relations between Gromov-Witten invariants of genus 0. This enables us to generalize Gromov-Witten 
theories of quantum minimal Fanos and their determinantal operators to the formal theory which does 
not depend on the variety, and, moreover, on its dimension. Numerical invariants in this theory become 
the universal polynomials that are unique for all quantum minimal Fanos of any dimension. 



The work was partially supported by RFFI grant 05 - 01 - 00353 and grant NSh-9969. 2006.1. 
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Fix N G N. Let A N = C[a y ], < i, j < N. Let V = C[q, 4l. Put D = qj- q . Consider the matrix 

fa 00 (Dq) aoi(Dq) 2 ... a , N -i(Dq) N a , N (Dq) N+1 \ 
M= 1 a n (Dq) ... aw-^Dq)"- 1 a^ N {Dq) N 

\ ... 1 a NN (Dq) ) 

with entries in An <8> T>. Define the operator Ln G Am ®T> by 

detnght (£> — M) = DLrE 

(as An ®T> \s non-commutative, the determinant is taken with respect to the rightmost column). 

Example. Consider operators Ln as (non-commutative) polynomials in q and D. It is easy to check 
that the degrees of such operator in q and D do not depend on its representation as a polynomial. As 
a polynomial, L 2 (resp. L3) is of degree 2 (resp. 3) in D and of degree 3 (resp. 4) in q. Write down the 
analytic solutions of L 2 $ = and = in terms of a^'s. 

1 + a 00 q + (l/2a i + aoo)<7 2 + (7/6a ia 00 + al + l/3a ian + 2/9a 02 )q 3 + 

(23/12a iaQ + 1/40010^ + 3/80qi + l/8a 2 2O02 + 5/6ana oa i + 3/16a iai 2 + (£2) 

43/72a 02 a 00 + 4 + l/6a 02ail )q 4 + 0(q 5 ). 

1 + a QO q + (l/2ooi + alo)l 2 + (7/6a ia o + al + l/3ooiOn + 2/9a 02 )<7 3 + 

(23/12a iaoo + 1/400x0^ + 3/8ajji + l/8a 22 a 02 + 5/6ana 00 a 01 + 3/16a iai 2 + (£3) 

43/72a 02 a 00 + a A m + l/6a 02 an + 3/32a 03 )g 4 + 0{q 5 ). 

The first few terms of the solutions coincide. Moreover, the solutions are "the same" if a^'s that are 
"out of bounds" vanish, i. e. if we put = in the solution of £3$ — 0, we get the solution of L 2 $ = 0. 

This same turns out to be true in the general case. Fix two natural numbers N\ < 7V 2 . Let $1 and $ 2 
be the analytic solutions of and £jv 2 , normalized by < &i(0) = 1. Let <&' 2 be the series given by putting 
dij = for Ni < i,j < N2 in $ 2 . Then $1 = $ 2 . Moreover, it is not difficult to prove (see Lemma \l. 1.31 
and Proposition 12. 2. 2l below) that for any n if N\ 3> n, then 

$1 mod q n = $ 2 mod q n . 
A similar statement holds for the logarithmic solutions of Lat$ = O's. 

So, to get the solutions of such equation, one should "restrict" the solutions of the equation of larger 
index. Moreover, the first few terms of analitic expansions of different solutions coincide. Thus, we 
can define "the universal series". "The restrictions" of this series to An are the solutions of equations 
Ljv$ = 0. This series is "the generating series of abstract one-pointed Gromov-Witten invariants" in the 
following sense. 

Below we define the minimal Gromov-Witten ring GW as a commutative algebra, with generators 
and relations of the form used in the Gromov-Witten theory. Our definition is similar to Dubrovin's 
definition of formal Frobenius manifold or Kontsevich-Manin's treatment to the theory of Gromov-Witten 
invariants. The difference is that we do not fix the dimension and consider "the abstract Gromov-Witten 
invariants of a Fano variety of unspecified dimension" . For this we consider "invariants for the classes 
with one class replaced by the Poincarc dual one" and reformulate Kontsevich-Manin axioms in terms 
of such "invariants" . 

Definition of the minimal Gromov-Witten ring. Consider formal symbols of the form 

(T dl H i \...,T dn _ 1 H i "- 1 ,T dn H r ), 

n ^ 1) ii, . . . , i n -i, r, d\, . . . , d n G Z>o (the last term is indexed by a subscript!). We write H l , Hj instead 
of To-ff 1 , ToHj for simplicity. Define the degree of such symbol as a number ^d s +^2i s — r + (3 — n). 



The operators that come from a symmetric with respect to the anti-diagonal matrices (i. e. ones with a 
are called the operators of type DN. 
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— a N-j,N-i) 



Let F be the set of all symbols with non-negative degrees. The minimal Gromov-Witten ring is a graded 
ring 

gw = m /Reh 

where Rel is the ideal generated by the following relations. 

GW1 (Sn-covariance axiom, cf. KM94, 2.2.1): Consider any permutation a £ S n -\. Let 
3k = i a {k) and fk = d a ( k ). Then 

(T dl H*\. . . , T dn _ 1 W n - 1 , Td n H r ) = (r fl W\. . .,T Sn _ x H^-\r dn H r ). 

GW2 (normalization, cf. |KM98j . 1.4.1): Let r = £ d s + £ i s + (3 - n). Then 

«1- • ■ ■ • Un- 

where M — 1 if dj — n ~ 3 and M = otherwise. 
GW3 (fundamental class axiom or string equation, cf. |Ma99j . VI 5.1): 

n 

(H°, r dl H 11 Td n _ 1 H in ~ 1 , r dn H r ) = Y,( T di Hn ■ ■ ■ Tdt-iH*!- 1 , Tdt-iHi, , r dz+1 H 1 ^ T dn H r ), 

3 = 1 

except for the case (H°, H l , Hi), which is given by GW2. 
GW4 (divisor axiom, cf. |Ma99l| . VI 5.4): 

(H\T dl H^ T dnl H in ~ 1 , r dn H r ) = d-{r dl H l \..., r dn H r ) + 

n-l 

^(t^H* 1 ,. . .,T d ,-lH*' +1 , . . .,T dn H r ) + {T dl W\. . ..TJ.-lffr-l). 
s=l 

where d > is the degree of the left side. 
GW5 (topological recursion, cf. [Pa98j . formula 6): For any numbers c\, . . . Cn,ix, . . . i n and 
set 5 C {1, . . . , n} denote the sequence r Csi £P s i , . . . , t Cb H l3 k (si, . . . , are different elements 
of S) by Yis- ^ 0T an y n — ^ 

( [] ,r dl m , r d2 H j * , r d3 H r )=J2 (r dl -iH jl ,]]_, H a )(H a ,]]_,r d2 , T ds H r ) 

{l,...,n} Si S 2 

and 

( ]J ,T dl W\r d2 W\r d3 H r )=Y,(]l^d 1 H^\T d2 H^,H a )(H\,]l 1 T d ^ 1 H r ), 

{l,...,n} Si S 2 

where the sums are taken over all splittings SiUS2 = {l,...,n} and all a £ Z>o such that the 
degrees of the symbols in the expression are non-negative (notice that the sum is finite) . 

It turns out that GW has a convenient multiplicative basis. Consider a ring A = C[oy], < i < j, 
j > and the map r: A — > GW given by ay — > (if, if- 7 ' ,Hi). 

Theorem 13.11 (the Abstract Reconstruction Theorem). The map r is an isomorphism. 

This theorem is an abstract version of the First Reconstruction Theorem of Kontsevich and Manin 
( |KM94j . Theorem 3.1). 

Let a 00 = ( "geometric case" , see Remark l3"31 for the general case) . Via r one may view the coefficients 
of Lat$ = O's and of their solutions as lying in GW. 
Consider the series 

7=1+ J2 (nH j )q i - j+2 h :i (h + l)-...-(h + i-j + 2) eA®C[[q]][[h]]. 

j>0,i>j-2 

In terms of a^- 's it rewrites as 

7=1 + M + (« 22 - a n ) ^ + + + f + h+ 



This universal generating series of one-pointed Gromov-Witten invariants defines the solutions of 
Ljv$ = for all JV. Namely, Theorem 13.11 and Corollary 12.2.61 directly imply the following theorem. 
For any C-algebra R let rjv : A ® R — > An ® R be the map given by a,j i— > ay if < i, j, < JV and 
a i3 i-> otherwise. Define I s <= A ® C[[g]] by 7= £^ s - Define ^'s b y = 7°, Si = I°log(q) + 7 1 , 
S 2 = 7° log(g) 2 /2! + 7 1 log(g) + 7 2 and so on. 

Theorem l3.3l The set {^(So), . . . , tn(Sn-i)} is the basis for the space of solutions of the differential 
equation Ljv<I> = 0. 

Corollary 12.2.61 is the particular case of Theorem 13.31 The proofs of these two results are almost 
identical. According to this reason in the first part of the paper (sections 1 and 2) we prove (without using 
of the abstract Gromov-Witten theory) Corollary 12.2.61 that have direct applications in the studying of 
the geometry of Fano varieties. In the second part (Section 3) we prove Theorem 13. II Using this theorem 
we formally conclude Theorem 13.31 from Corollary 12.2.61 

The paper is organized as follows. In Section 1 we consider a quantum minimal Fano variety V 
of dimension JV. The two-pointed Gromov-Witten invariants give the quantum connection and the 
differential operator associated with it. The elements of kernel of this quantum differential operator are 
given by the /-series of V (i. e. the generating series of one-pointed Gromov-Witten invariants of V). In 
Section 2 we study regularization of the quantum differential operator, which gives the operator of type 
DN. The Frobenius method gives the explicit expressions for the solutions of DN associated with V in 
terms of its /-series. All proofs in Section 1 and Section 2 are based on the fundamental class axiom, 
the divisor axiom, and the topological recursion relations for V. In Section 3 we prove the Abstract 
Reconstruction Theorem and the abstract version of theorems of Section 1 and Section 2, using the same 
arguments in the abstract setup. We give the explicit recursive relations for all solutions of the differential 
operators in the Appendix. 



1.1. Non-commutative determinants. Let R be an associative C-algebra (not necessary commuta- 
tive). We consider matrices with entries in R. The indices of matrix M of size JV + 1 run from to JV. 
The submatrix of size i x i that is the NW corner of M is called the i-th leading principal submatrix. 

1.1.1. Definition [[GS05J, Definition 1.3]. The matrix M with elements in R is called almost triangular 
if Mij = for i + 1 > j and M i+ i ti = -1. 

1.1.2. Definition [ GS05 , Definition 1.2]. Consider the matrix M with elements in R. The right 
determinant of M is the determinant taken with respect to the rightmost column: 



i=0 

where CiN are cofactors taken as right determinants. 

For any (JV + 1) x (JV + l)-matrix M = (Mij)o<i ; j<N define the matrix M T by MJj = Mj^-j t N-i (i- e - 
M T is "transpose to M with respect to the anti-diagonal"). 

1.1.3. Lemma [Golyshev, Stienstra, see [GS05j . 1.4]. Let M be an almost triangular (JV+ 1) x (JV + 1)- 
matrix. Put 



Then Pi is the right determinant of i-th leading principal submatrix of M. In particular, 
P N+1 = det right (M). 

Proof. By induction on the size of the submatrices. For i = 1 this is trivial. Denote the (i + 1)- 
th leading principal submatrix of M by Mi + \. Notice that the right determinant of the matrix Mf +1 
obtained by deleting last column and j-th row from Mi+x equals 



1. Quantum operators 




Pq — 1, Pi+i — MjiPj. 



det r i g ht Ml 
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Thus, we have 

i i 

detnght M i+1 = ^(-l) J ' +i M ii det ri ght Mf +1 = ^ M 2l P 3 = 

□ 

1.1.4. Lemma [cf. Golyshev, Stienstra, Proposition 1.7 in GS05J]. Let M be an almost triangular 
matrix and 

det right (Af T )6v = 0. 

Proof. We have the following system of equations on {^}: 

'Mo J o& + ... + +M 0l jv6r = 
-6 + Afi,ifi + . . . + Mi.jvCjv = 

' + Mi,ifi + . . . + M iJV 6v = 

, — fjv-i + Mnn^n = 0. 

Let Pi be given by Lemma fl . 1 .31 applied to the matrix M T . Let us solve the system moving, step by step, 
in the reverse direction. We have P^n — S.n-%- Thus, 

(N \ N 

i=0 / i=0 

□ 

1.2. Quantum operators. Consider a smooth Fano variety V of dimension TV with Pic(V) = Z. 
Denote iJ = -ify and = H*(V, Q). (The natural map Pic (F) -> iJ 2 (V, Z) is an isomorphism for 

smooth Fanos, so we use the same notation for the element of Pic (V) <g> Q and for its class in H 2 (V).) 
Let Hff(V) C H*(V) be a divisorial subspace, that is one generated by the powers of H . 

Let 71, . . . ,7„ € H*(V) and ei be the anticanonical degree of an effective algebraic curve (3 G Hz(V). 
We denote the respective Gromov-Witten invariant (of genus zero) with descendants of degrees 
di, ...,d n e Z> (see |Ma99j . VI-2.1) by (r dl 7i, . . -,T d ^ n ) d . 

1.2.1. The subspace H^(V) C H*(V) is tautologically closed with respect to the multiplication, i. e. for 
any 71,72 G Hjj{V) the product 71 ■ 72 lies in H^(V). The multiplication structure on the cohomology 
ring may be deformed. That is, one can consider a quantum cohomology ring QH*(V) = H*(V) (£> C[q] 
(see |Ma99j . Definition 0.0.2) with quantum multiplication, *: QH*(V) x QH*(V) -> QH*(V), i. c. the 
bilinear map given by 

71 *72 = ^q d {n,i2,i y )di 

for all 71,72,7 G H*(V), where 7 V is the Poincare dual class to 7 (we identify elements of 7 G H*(V) 
and 7 eg) 1 G Q-ff*(V)). The constant term of 71 * 72 (with respect to g) is 71 ■ 72. The subspace 
QHfl(V) = Hffiy) ® C[q] is not closed with respect to * in general. The examples of varieties V with 
non-closed subspaces H*£j(V) are Grassmannians G(k,n), k,n — k > 1 of dimension > 4 (for instance, 
G(2, 5)) or their hyperplane sections of dimension > 4. 

1.2.2. Definition. The variety V is called quantum minimal if QH^(V) is quantum closed, i. e. if for 
any 71,72 G H^(V), fl G H^iV) 1 - the Gromov-Witten invariant (71,72,^)02 vanishefl 

In other words, the variety is quantum minimal if and only if QH^(V) is the subring of QH*(V). 
Throughout the paper we assume V to be quantum minimal. 

1.2.3. Consider a ring B — C[q, q -1 ]. Consider the basis {IP}, i = 0, . . . , N, of H* H (V) (where H° is the 
ring unity and H = H 1 ). Let Hi be the Poincare dual for H l . Consider the (trivial) vector bundle HQ 



A Fano variety is called minimal if its cohomology is as small as it can be (just Z's in every even dimension). Quantum 
minimal variety has as small "quantum anticanonical part" as it can be, that is, similar to the quantum cohomology of 
minimal one. That's why it is natural quantum analog of classical minimal variety. 
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over Spec(B) with fibers H* H (V). Put h l = W ® 1 £ ® B. Put h = h 1 and k v = K v ® 1 = -/i. 

Let 5 = H°(HQ). As S = H^ 1 {V)®B 1 we can consider quantum multiplication as the map *: Sx S — > S. 
Let D = g^- eD = C[(7,<7 _1 , -£-]. Consider a (flat) connection V on HQ defined on the sections h l as 



V(fc*),g-£- ) = fcy*/i l 



(the pairing is the natural pairing between differential forms and vector fields). This connection provides 
the structure of P-modulc for 5" by D(h l ) = (V(h l ),D). Obviously, 

d (f mm*) = f -h*{t . 

\i=o / i=o q \i=a ) 

1.2.4. Definition. The C-linear operator D : S — > S is called the quantum operator. 

Define the operator Db- S — > 5 as Ds(J2iLo fi(l)h l ) = S^Lo Let h>-kh? = J2j a ijh l , 

ctij G £?. Define the matrix M by = — Q!y £ 2? for i ^ j and = £) — £ xQ. 

1.2.5. Definition. The differential operator Ly = det r i g ht(Af) S f is called i/ie quantum differential 
operator of V. . 

1.2.6. In the following we study flat solutions of differential equations corresponding to operators we 
defined. The solutions are "formal series with logarithms" and do not lie in S. So, we need to change 
the base. Put T = C[[q]][t}/ (t N+1 ). Put B^ orm = B ® c[q] T and S form = S ® C [ q ] T. Let V act on via 
Dt = 1. So, the informal meaning of t is log(g). In the following we consider D, Db, h-k, and so on as 
C-operators S iorm -> S form and as C-operator B form -> B^ orm . 

1.3. Relations. For simplicity we use below Gromov-Witten invariants with negative degree of curve 
or negative descendants (which are formally not defined). The convention is that they equal 0. 

1.3.1. Theorem [Topological recursion, see [Ma99J, VI-6.2.1]. Let 71,72,73 £ H*(V), di G Z>o, 
02, as, d £ Z>o- Then 

(r ai ll,Ta 2 "f2,T a3 "f3}d = ^ (^ai-ljl, H a ) dl {H a 

di+d 2 =d, a=0,...,N 

1.3.2. Theorem [The divisor axiom, see |Ma99j . VI-5.4]. Let 71,.. .,7„ £ i?*(V) } 70 = rH £ H 2 (V,Q) 
be an ample divisor and a\, . . . , a m £ Z>o- TTien 

m 

(lo,T ai (ji), . . ■ ,T am j m ) d = rd(r Ql 7i, . . . ,r 0ro 7 m ) ( j + ^(t 0i 7i, . . . ,r as _i7 • 7 S , . . .,T am j m ) d . 

s=l 

1.3.3. Theorem [The fundamental class axiom, see |Ma99| . VI-5.1]. Let 71,..., jk £ H*(V), 
a*i , . . . , ak £ Z>o . Then 

k 

(t Qi 7i, . . . T afc 7 fc , ff ) d = y^(r ai 7i . . . Ta^^i-i, T ai -ili, 7- 0<+1 7i+i, . . . , r afc 7 fe ) d . 

i=l 

1.4. Fundamental solution. Put e Ht = Y^Lo M 7T G #ff00 ® 5 /o ™ (the sum is finite). Put 
{T dl t ai ji, • ■ • , T4 3 t a "j s }d — t^ az ■ (r dl ^i, . . . , T ds j s ) d . Consider the matrix <E> with elements 



d>0 



$ « = J2l d ( {r d +a-b-iH b ,H a ) d + {T d+a _ b tH b+1 ,H a ) d + {T d+a _ b+1 -H b+2 ,H a ) d + . 

Y J <f(r.e Ht H b ,H a ) d , 



d>0 



''identify any matrix A with entries in T> with operator S — > S given by = J^iCJ^j Aij fj)h l . Then M is the 

matrix of D = Dg — h*. 
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< a, b < N, where the meaning of • in what follows is the number 

N + d — 3 — E] (codimension of the cohomological class — 1). 

terms 

We use the notation (t»(H^ + H^),H a ) d for (r ( j^ a _2i? 1 , -ff a }d ~\~ (^d+a— 3-ff 2 i -ffa)d and so on. 
As two-pointed Gromov-Witten invariants for the degree zero curve are not defined, we put 
(T.e Ht H\H a ) Q = (H°,r.e m H b ,H a ) . 

1.4.1. Proposition [Pandharipande, after Givental, Proposition 2 in [Pa98j ]. Consider the sections 
4> % = J2a=o ®a,h a G S^ orm (i. e. those that correspond to the columns o/<ifl). 

1) The sections <j) 1 are flat, i. e. D(f> 1 = 0. 

2) If D<f> = 0, then <j> = £^ a^, a * e C - 

Proof [Pandharipande]. 1) We need to prove that 

D B <p l =h*(t>\ 

On the left we have 

D B (J2 Kh a ) = J2 J2( d 1 d ( T ' pHtH ^ H a ) d +q d (T.H-e Ht H\ H a ) d )h a = E E S'W*"^, H > H a)dh a 

a a d>Q a d>0 

by the divisor axiom [T. 3. 21 On the right, 

ME $ ^ a ) = E E E^MT. e m i^^ffa} rfl g d M^^^^} d ^ s = EE^-°^ efft ^'^^)^ s 

a s dx,d 2 >0 a s d 

by the topological recursion 1 1.3. 11 Both sides are equal. 

2) The constant term of $ (with respect to t and q) is the identity matrix. This means that the columns 
of $ are linearly independent. The differential operator of order N + 1 has at most (N + l)-dimensional 
space of solutions, so it is generated by N + 1 functions <fi l . □ 

1.4.2. Remark. Consider the matrix M (see Definition ll.2.5p . The proposition above states that 
A/$ 4 = for the column- vectors <£>* = ($g, . . . , 3>5v) T that correspond to the sections <fi l . 

1.4.3. Corollary. Define the matrix * by *j = T,d>o ^ ( r ' eHt H i> H N ~ j )d, < i,j < N. Let 
*i = . . . , *f ) T be its column- vectors. Then M T ^ % = for < i < N. 

Proof. Analogous to the proof of Proposition 11.4.11 □ 

1.5. The solutions. 

1.5.1. Consider any series / = ^=o P (<l) hl e C M] [h]/(h N+1 ), I°(q), . ■ ■ ,I N (q) £ C[[q}}. Let 

Definition. We say that a series / is the perturbed solution of the equation PI = (or just the 
operator P s T>) if PI r = for any r < N. 

In the other words, given P = P(q,D), consider Ph — P(q,Ds) replacing D by Db- Then / is a 
perturbed solution of P if and only if P#(e' lt ■ I) = 0. 

Recall that the /-series of V is defined by 

I V = 1+ E {TiH j ) d h^q d e S forrn . 
i,j,d>0 



1.5.2. Theorem 

1) The series I v is the perturbed solution of the equation LyI = 0. 



2) If LyI = 0, then 1 — ^2 a i^Y f or some do, ■ ■ ■ , ajy € 



Informally, <t> is "the matrix of fundamental solutions of equation given by the quantum operator in the standard 
basis" . 
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Proof. 1) We have 

\ ' d>0 J \d>0 

det right (M)*f = det rig ht (M TT )^ = 

by Lemma \l . 1 .41 and Corollarv ll.4.31 

2) The solutions iY are linearly independent (by Proposition II .4. 1]) . so they form a basis of (N + 1)- 
dimensional space of solutions of differential equation of order N + 1 associated with Ly. □ 

2. DN'S 

2.1. Let 

£y - Pv,o(D) + qPv.i(D) + ... + q n P V , n (D) 6 2? 
be a quantum differential operator of a quantum minimal smooth Fano variety of dimension TV (usually 
n = N + 1). Its singularities are not regular in general. 

2.1.1. Definition [see |Go05j . 1.9]. The operator 

L v = iV,o(£) + qPv,i(D) -(D + l) + ... + q n Py n {D) ■ (D + 1) •...-(£> + n) 
is called i/ie regularization of L^. 

The singularities of all known Ly are regulaiQ. Obviously, Ly is divisible by -D on the left. 

2.1.2. Definition [see |Go05j . Dehnition 2.10]. The operator Ly such that DLy — Ly is called the 
(geometric) operator of type DN . 

The solutions of equations associated with geometric operators of type DN are conjectured to be 
G-serieifl 

Consider any differential operator 

P = P (D) + qP 1 (D) + ... + q n P n (D) G C[q, q^]. 

Let 

P = P Q {D) + qPi(D) ■ (D + I) + . . . + q n P n (D) ■ (D + 1) • . . . • [D + n) 
be a regularization as before. 

2.2. The Frobenius method. We describe an "algebraic" interpretation of the Frobenius method of 
solving differential equations. For the standard version see |CL55j . IV-8. 

Let R = C[e]/{e N+1 ), N + 1 e N. Consider the differential operator 

P e = P Q (D + e)+qP 1 (D + e) + ... + q n P n (D + s)eV®R. 

2.2.1. Definition. Consider the sequence {5i}, i > 0, Ci S R. It is called a Newton solution of P e , if for 
any raeZ 

c m P n (m + e) + c m+ iP„_i(m + 1 + e) + . . . + c m+n P (m + n + e) = 
(the convention is that c^'s with negative subscripts are 0). 

2.2.2. Proposition. The sequence {ci} is a Newton solution of P e if and only if the series 

I = c + qci + . . . e C[[q\] <g> R 

is a perturbed solution of P. 

Proof. Recall that T = C[[q]][t}/{t N+1 ). We consider T in the proof as a C-vector space. Consider 
the linear space (over C) 

C = {(a ,ai, . . .), a,i e R} 



^They are also regular if the matrix of quantum multiplication by the anticanonical class is diagonalizable, see [GS05 , 
Remark 3.6. 

^That is, for any solution of type / = X] a * < ? ! > a « € Q, the following conditions hold. Let a n = (p n ,9n) = 1, 
q n > 1- Then / has positive radii of convergence in C and Q p for any prime p and there exist a constant C < oo such that 
LCM(gi, q 2 , ...,q n )<C n for any n. 



with basis {bij — (0, . . . , 0, e^^', 0, . . .), i > 0, < j < N} (e i is in the «-th place) and the isomorphism 
I: C —> T given by bij <— > q l P It is easy to see that the formulas q ■ bij = and D ■ bij = (i + e)bij 

determine the action of T> on C. Trivially l(q ■ b^) — q ■ I (bij) and l(D ■ bij) = D ■ l(bij), i. e. the actions 
of V on C and T commute. Thus, P({ci}) — if and only if P(In) — (we follow the notations of 11.5.11 
with h = e). Analogously if P({ci}) = 0, then P(I r ) = for < r < N. □ 

2.2.3. Remark. A Newton solution of P £ exists in R if and only if multo-Po > N + 1. 

2.2.4. Remark. We consider the case -Po(0) = 0. The cases of the other roots of Pq are of this type 
after shifting of variables. 

2.2.5. Corollary. Let 1 — ^2 aijq % e^ G C [[<?]] ® R be a perturbed solution of P. Then 

1 = ^2 a v1 i£j •(£ + !)•••••(£ + *) 

is the perturbed solution of P. 

Proof. It follows from the formula for P and Proposition 12.2.21 □ 

2.2.6. Corollary. Let V be a smooth quantum minimal Fano variety of dimension N and Ly be the 
corresponding quantum differential operator. Let Ly be the corresponding operator of type DN . Define 
the polynomials P(h) in h by I v — J2ilo P(h)q % ■ 

1) Let 

OO 

i v = j2 p ( h ) ■ ( h + i ) ■ ■ ■ ■ ■ ( h + w ■ 

i=0 

Then I v mod h is the perturbed solution of Lyl = 0. 



2) If Lyl = 0, then I = J2 a iH f° r some clq, . . . , ajv_i G C 



Proof. 1) By Theorem ll.5.2l / v is the perturbed solution of Ly. Let Ly be the regularization of L® 



v 



Then, by Corollary 12.2.51 I v is a perturbed solution of Ly. The relations for the Newton solution for 
Ly^ are proportional to the corresponding relations for Ly )E modulo e N (we identify the parameter e in 
the Frobenius method with h). So, the Newton solutions of Ly^ e and Ly^ e coincide modulo e N . 

2) It follows from standard arguments on linear independence (see the proof of theorem II. 5. 2p . □ 

2.3. Example. The matrix of quantum multiplication for P N is 

/0 ... (N+l) N+1 q N+1 \ 
1 ... 

\0 ... 1 j 

The corresponding quantum differential operator is 

Lp N — D N+1 — (N + l) N+1 q N+1 . 

Let F be a class dual to the hyperplane in P N (so, -K p n = (N + 1)F) and / = F ® 1 G S form . It is 
easy to see that the series 

q (N+l)d 



Z-r ( f + DN+1 



_ o (f + l)N+l.....(f + d )»+l 

is a perturbed solution of lS n $> = 0. 
The operator of type DN for P N is 

Lp N = D N — (N + l) N+1 q N+1 (D + 1) • . . . • (D + N) 

and a perturbed solution of this operator is the series 

_ q(N+l)d( h + j) . . , , . (fe + (jy + l) d ) 
^ (f + l) N+1 -...-(f + d)^ ■ 
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3. Universality of DN's and solutions 



All formulas above are formal consequences of the formulas 1 1 . 3 . 1 1 [I~3 . 3 1 So, the natural idea is to define 
"abstract Gromov-Witten theory", that is, to consider Gromov-Witten invariants as formal variables 
with natural relations. Moreover, if we consider "invariants" that correspond to several classes of type 
H % and one Poincare dual class of type H r we may develop a universal abstract Gromov-Witten theory 
that do not depend on the dimension N. 

A convenient multiplicative basis of GW is given by the First Reconstruction Theorem from [KM94] . 
We follow the notations of the definition of GW on page O 

3.1. Theorem [The Abstract Reconstruction Theorem]. The map r: C[ay] — > GW is an isomor- 
phism. 

Proof. The following relation is the formal implication from the relations of type GW5. 

GW6: For any finite subset S C N denote H ls i, . . . ,H Is k (where s/s are distinct elements of S) 
by Yl s - Then for any n > 

5D<II' Rl1 ' Hl2 ' H ^ II' H<3 > R r) = E(LL Hn > H l \H b ){H b , ]J, H*> , H r ), 

Si S2 T\ T 2 

where the sums are taken over all splittings S\ U S2 = {4, . . . , n}, T\ U T2 = {4, . . . , n} and all a 
and b such that the degrees of all symbols are non- negative (notice that both sums are finite). 

These relations are called quadratic relations in the geometrical case (see. |KM94) . 3.2.2). If S is empty, 
then these relations are called associativity equations or WDVV equations. Though these relations follows 
from GW5, we include them in the generators of relations ideal of GW for simplicity. 

Let us prove that r is epimorphic. Our proof is an abstract version of one in [KM94j . We denote r(a i:j ) 
also by ay for simplicity. We need to prove that any "invariant" (r dl H %1 , . . . ,T dn H r ) can be expressed 
in terms of ay's. 

Applying relation GW4 to one- or two-pointed invariants (the abstract symbols) , we may assume n > 3 
(see the proof of Proposition 5.2 in [FrOi] ). Using GW5 (and GW2), we may assume that all dj's equal 
0. 

Given an invariant C — (H n+1 , . . . , H %n , H r ), n > 2, i\ > 1, write GW6 for classes 
H, H n , . . . , H %n , H r . We see that, modulo invariants with lower number of terms, GW4 and GW2, 
C equals the sum of the invariants with terms H n , . . . , H ln , H r . So, using GW1-GW6 we may express 
any invariant in terms of three-pointed invariants with H 1 as the first term, that is, in terms of ay 's. 
Thus, r is an epimorphism. 

Let us prove that r ia a monomorphism step by step. 

Step 1. Let GW3 P and GW4 p be the relations of type GW3 and GW4 for invariants without de- 
scendants. Then the ideal Rel is generated by GW1, GW2, GW3 P , GW4 p , GW5, GW6 (the relations 
"commute"). Notice that GW3 P is a particular case of GW2. 

Step 2. Let 

GW' = C [ F 'V(GW4 P , GW5, GW6> 
where F' C F are invariants of positive degree of type 

(T dl H i \...,T dn _ 1 H i - l ,T dn H r ), 

with ik > ii for k > I and dk > di if ik = ij. (Thus, the left side of any relation of type GW2 becomes 
just the notation of the number on the right side.) Obviously, GW' = GW. 

Step 3. Let A p — C[Fp]/(GW4 p , GW6), where F p C F' is the subset of invariants without descen- 
dants. Let us prove that the natural map A p — > GW' is a monomorphism. Consider the order on the 
invariants, that is, the function w on F p given by 

w((T dl H h ,. . . ,T dn _ 1 H in -\T dn H r )) = (^2dj,dui u . . . ,d n ,r). 

We say that C% > C2 if w{C\) > w(C2) (with respect to the natural lexicographic or- 
der). Define the lexicographic order on the monomials in F' , that is, for any two monomials 
Mi = a ■ Cf • . . . • C*£", M 2 = ■ C*! 1 • . . . • C b n " (where a, /3 G C and C x > C 2 > . • . > C n ) say 
that Mi > Mi if a\ > bi, or ai = b\ and ai > 62, and so on. Denote the leading term of E € C[F'] 
with respect to this order by L(E). Denote the relation of type GW5 with the invariant C on the left 
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side (which is not uniquely defined!) by GW5(C). For any prime (i. e. without descendants) invariant C 
put GW5(C) = C. Consider any P ^ in C[F£\ such that r(P) e (GW4 P , GW5, GW6) < C[F'] for the 

natural map r : C[F£\ C[P']. Denote r(P) by P for simplicity. Let P = £\ £J • n ie / cf *' J GW5(Q) 
modulo (GW4 p ,GW6), where /3j G C. Applying GW4 we may assume that invariants Cj's contains at 
least three terms. That is, we can apply relation of type GW5 to them. Denote the maximal of the 
leading terms of all summands of type Yl ieI C^' 3 GW5(Cj) by L. Let J C J be the subset of indices 
such that iCTIiej ^V^^W^C-,-)) = L f° r 3 ^ Jo- Let L has a factor with descendants. Then we have 

P = /3j • Y[ Cf 1-3 GW5(Cj) + (summands with smaller leading terms). 

jeJ iei 

Obviously L(GW5(C)) = C. One may check that the difference of two relations of type GW5(C) may 
be expressed in terms of relations of type GW5 with smaller leading terms and relations of type GW6. 
Thus, expressions of type GW5(Ci) in the sum on the right side coincides for every i modulo summands 
with smaller leading terms. Then 

P = V] /3j ; • TT GW5(C i ) hl J GW5(C J ) + (summands with smaller leading terms) = 

jeJ iei 

j3j ■ ( ] [ GW5(Ci) Ci ) + (summands with smaller leading terms). 

jeJ ieiu.Jo 

As L(P) < L, we have Ylj£j & ~ ^' ^ e ^ e ex P ress i° n f° r P with smaller L. Repeating this 
procedure, we obtain the expression for P with L(P) = L, i. e. without relations of type GW5. Thus, 
P G (GW4 p , GW6) and A p = GW = GW, i. e. invariant may be uniquely expressed in terms of prime 
ones. 

Step 4. Let us prove that any prime invariant may be uniquely expressed in terms of a^'s. We call the 
invariants of type (H k , H 1 , . . . , H 1 , H r ) trivial since the relations of type GW6 for them are trivial. Let 
F t C F' p be the subset of trivial invariants. Obviously, A = A t = C[P t ]/(GW4 p ) ^ C[P t ]/(GW4 p , GW6). 
Let F[ C Pp be the subset of invariants without terms H 1 and GW6' be the relations of type GW6 
with invariants with terms H 1 replaced by ones without such terms given by GW4 p . Let us prove that 
At s C[P/]/(GW6') Si Ap. 

Define the function w' on the elements of F[ given by 

w'{{H l \...,H l -\H r )) = (n,ii,...,i B _i,r). 

Define the order on monomials in F' and the leading term L'(E) of any E € C[P p ] as before. The direct 
computation shows that the difference of the two relations of type GW6' with the same leading terms may 
be expressed in terms of the relations of type GW6' with the smaller leading terms ( "the relations of type 
GW6 commute"). Assume that P = P(ay) £ (GW6') < C[P t ']. As before, we may obtain the expression 
for P in terms of relations of type GW6' containing only trivial invariants. Since these relations vanish, 
P = and A = A p = GW. □ 

3.2. Remark. So, the Gromov-Witten theory of a quantum minimal Fano variety V of dimension N is 
a particular function from GWpf = r(iAr(Ajv)) to C, where ijy: An — » GW is given by ijv(a»j) = a ij if 
^ (0,0) and ijv(aoo) = 0. 

Theorem 13.11 enables us to define the universal Pseries I S A <g) C[[g]][[/i]] such that for any N the 
abstract Pseries for dimension N 

I N = J2( T i H i) ■ 1 dhJ E GW « ® C M][fA/h N+1 

id 

is the restriction of /, that is, I N = r^{I mod h N+1 ). Analogously, we may define the universal "regu- 
larized Pseries" I such that for 

i N = ^(nHj) ■ q d b? ■ (h + 1) • . . . • (h + d) e GW N ® C[[q]][h]/h N+1 

i,3 



we have I N — tn(I mod h N+1 ). 



n 



Consider the torus T = Spec C[q, q and the trivial vector bundle HQ N with fiber 
GW N ® (H ,!! 1 , H N ) (iT's are just notations for basis vectors). Let h* = 1 <8> H\ Let 

fa 0i0 q a ,ig 2 ... ao.jv-ig^ a QtN q N+1 \ 

1 JV— 1 N 

\ ... 1 a N , N q j 

(where aoo = 0). Define the abstract quantum connection W N by 

(the connection commutes with a^). Repeat all the previous for the abstract case. In particular, define 
the abstract quantum differential operator € GWn &> D and the operator Ljy € GWjq <E> T> (recall that 
after specialization of abstract Gromov-Witten invariants to the geometric ones this operator is called 
geometric DN). (It is easy to see that this operator is the same as one defined on the paged)) Then we 
obtain the following theorem. 

3.3. Theorem. 

1) The series I N is the perturbed solution of L^I = 0. 

2) The series I N mod h N is the perturbed solution of Lj^I = 0. 

In the other words, given I N (resp. Ljv), one should put = for N < i,j < N to obtain I N " 
(resp. D N ~ N °L Na ). 

3.4. Remark. The same holds for DN's. Recall that operator of type DN is Ln with identified aij and 
a-N~j,N~i- Let J N be a perturbed solution of DN. If n -C N and N < No, then 

J N mod (q n ) = J No mod {q n ,h N ). 

3.5. Remark. Define and Ljy a s operators in C[a^], < i < j (i. e. let aoo be non-zero). Then the 
universality for their solutions also holds. The universal series for is e aooq ■ I', where I' is given from 
/ by shift an <— > an — aoo, and the universal series for Ln is the regularization of e aooq ■ I'. 



4. Appendix 

titial operator P — Xh=i 

respect to D by 

4.1. Theorem. 

if for any s < N 



Consider a differential operator P = Xh=o G T>. Denote the r-th formal derivative of P with 

4.1. Theorem. The series I — Z"]^=o^ ^ ' l^ (P 's are series in q) is a perturbed solution of P if and only 



- — — + — + + P I s ) = 

s! (s-1)! + • • • ^ r v J 

Proof. Notice that 

P(tJ(q)) = tP(J(q)) + P« (J(q)) 

for any J{q) G C [[(?]] (see [BvS95j . Proposition 4.3.1). Thus, 



i=0 



p(t r J) = ^2( l )t i p {r - i) (j) 



For any s < N 



/ fS J.S — l \ 5 /w 



a=0 



ff //A ^p(a-/S) (/ .-aJX ' « /t^p(°-«(/-«)\ ' " 

Z. H a j ^ ) - 2^ I /?ir„_/9v j = Z, Zv ^ 



/3!(a-/3)! 



where 



a=0/3=0 v v 7 7 q=0/3=0 v ^ v ' ' ' a=0/3=0 

j.Pp{a-P)(p-a^ 



R, 



a, p 
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Prove the theorem by induction on s. Suppose that it holds for any so < s. Then 
s! (s-1)! t^ Q a - \ ( s ~ a V- 

s s ~ a +a r>(b) I Ts-a-b\ is s — a 

EE - = EI>, t , 

a=0 b=0 o=0 b=0 

where 

j.a p(b) /js — a — b^ 
Sa,b = T7~. ■ 

a\b\ 

Obviously, S a ,b = Ra+b,a, so 

s s—a s s—a s s s a 

^2 X] Sa - b = Ra + b - a = ^2 X! R P' a = X! ^/3,a = X!X!• Ra <'>■ 
a=0 b=0 a=0 b=0 a=0 j9=a 0<a</3<s a=0 6=0 

Thus, 

— P + 1 -^ + ... + p(p) = p(U 

which proves the theorem. □ 

4.2. Remark. For s = 1 this theorem is proven in |BvS95j . Proposition 4.3.2 and for s < 2 in |Tj98 , 
Appendix B. 

4.3. Proposition [Newton method]. The series 

$ = a + a%q + a,2q 2 + ... & B, a, eC. 
is a solution of P$ = (as a formal series) if and only if for any m G Z 

a m P N (m) + a m+ iPv-i(m + 1) + . . . + a m+N P (m + N) = 0, 
where dj 's uwi/i negative subscripts are assumed to be 0. 

Proof. Straightforward. □ 
Theorem 14 . 1 1 and Proposition 14.31 enable us to find the relations for the solutions of P^ = 0. 

4.4. Corollary. Let 1 — ^2 aijh % qK Then J is a perturbed solution of P if and only if for any s < N 

and for any m G N 

a0,m-Pjv ) ( m ) + a Q,rn+lPN-l( m + !) + •■■ + a , m+N P^ s \m + N) 

7\ + 

P^V + 1) + . . . + a^+jvPo^V + JV) 
a s , m P N (m) + a s , m+ xP N -i{m + 1) + . . . + a s<m+N P (m + N) = 0. 



The author is grateful to V. Golyshev for proposing the problem, explanations and reference on the 
Frobenius method, to V. Lunts and C. Shramov for helpful comments, and to M. Kazarian for important 
remarks. 
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